A new coronavirus, called COVID-19, appeared in the Chinese region of Wuhan at the end of last year; since then the virus spread to other countries, including most of Europe. We propose a differential equation governing the evolution of the COVID-19. This dynamic equation also describes the evolution of the number of infected people for 13 common respiratory viruses (including the COVID-19). We validate our theoretical predictions with experimental data for Italy and Belgium, and compare them with the predictions of the logistic model. We find that our predictions are in good agreement with the real world since the beginning of the appearance of the COVID-19; this is not the case for the logistic model that only applies to the last few days. We use our differential equation parametrised with experimental data to make several predictions, such as the date when Italy and Belgium will reach a peak number of COVID-19 infected people.
Introduction
Viral infections usually affect the upper or lower respiratory tract. Although respiratory infections can be classified according to the causative agent (e.g. the flu), they are mostly clinically classified according to the type of syndrome (e.g., common cold, bronchiolitis, laryngo-tracheo-bronchitis acute, pneumonia). Although pathogens typically cause characteristic clinical manifestations (e.g., rhinovirus causes the common cold, respiratory syncytial virus [RSV] usually causes bronchiolitis), they can all cause many of the most common respiratory syndromes. The severity of viral respiratory disease is highly variable; serious illness is more frequent in elderly patients and young children. Morbidity can either directly result from the infecting agent, or may be indirect. The latter case can be due to the exacerbation of an underlying cardiopulmonary disease, or a bacterial superinfection of the lung, paranasal sinuses, or middle ear. The main motivation of this work is to verify, by making theoretical predictions, that political decisions are truly effective to minimise the number of infected people in order to (i) not overload local health services (such as hospitals), and to (ii) gain time to allow research institutes to deliver vaccines or the anti-virals.
Tables (1) and (2) respectively provide the experimental data for Italy [2] and for Belgium [3] , [4] . They show the number of people that tested positive, healed, and died from the COVID-19. We start our theoretical analysis by introducing the definition of R 0 , defined as the ability of a virus to infect people in the absence of lockdown measures. This parameter is strictly linked to the doubling time, indicated with µ, defined as the (average) time to double the number of infected people. Fig. 1 schematically represents the diffusion dynamics of the virus. Of course, after n steps, the elapsed time is t = nµ. We now indicate by N the number of infected people after n steps:
Since t = nµ, we get
It is more convenient to work in the Euler base e instead of base 2; in the Euler base Eq. (2) reads
In the literature, τ refers to the characteristic time of the exponential trend. So, Eq. (3) shows that in the absence of containment measures the number of infected people follows the exponential law. Eq. (3) confirms this brilliant intuition of E. Bucci and E. Marinari [1] . Let us now analyse Eq. (3) in more dept; there are three possible scenarios:
1. τ > 0 (as is the current world's situation). For Italy, for example, before the adoption of (severe) containment measures, the value of τ was about τ ∼ 3.88 days (and µ ∼ 2.6 days). In this case the number of the infected people increases exponentially.
2. If the infection-capacity of the virus is of the type one-to-one (i.e., a person infected by COVID-19 can in turn infects only another person), we get the stationary situation corresponding to N = 1. This situation is referred to as the latent situation" i.e., the virus is still present but does not spread. In this limit case, the COVID-19 is substantially ineffective. Scenarios (1) and (2) 3. We may also imagine that the capacity of infection of COVID-19 is less than 1. This means that the virus is no longer able to be spread (e.g., thanks to protective measures, or to the production of vaccines and antivirals, or because people who overcame the disease became auto-immune. In this case, the value of τ is negative and the number of infected people decreases ever time. That is, the infection eventually disappears. The rate of decrease of the number of infected people depends on the value of τ . This scenario is depicted in Fig. 3 .
Comparison with the Real Data before the Lockdown Measures
It is understood that the main objective of the lockdown measures established by most European governments and health organisations is to reduce the ability of a virus to spread. From a mathematical point of view, it appears in Eq. (3) log(1) = 0 (or, better, log(x) < 0) instead of log(2). In practical terms, this means reducing the frequency of all involuntary contacts with a large number of people, reducing unnecessary movements to avoid encounters, and to prolong the closure of schools. Although these measures cannot prevent the spread of the infection in the long term, they can reduce the number of new infections daily. This has the benefit of leaving room for seriously-ill patients by avoiding to overload the healthcare system. We can easily realise what are the consequences if the lockdown measures are not set up. To make a comparison between the theoretical predictions and the experimental data in absence of lockdown measures, we have to consider the correct reference period. More specifically, we saw that the number of positive cases grows over time by following the law (3) . Hence, at the reference time t 0 , the number of people infected by the virus is (1) where τ > 0, such as the situation in Italy before their adoption of lockdown measures. The black line corresponds to case (2), the "latent situation" in which the COVID-19 is substantially ineffective. 
Eq. (6) is the equation that we use for comparing the mathematical predictions with experimental data during the initial phase where the spread of COVID-19 follows the exponential law, and (t−t 0 ) is our reference period. Fig. 4 and Fig. 5 respectively show the comparison between the theoretical predictions and the experimental data for Italy and Belgium before the lockdown measures. We get τ 3.88 and µ 2.6 for Italy, and τ 4.36 and µ 3.0 for Belgium. The paper is organised as follows. Section (2) determines the dynamic differential equation for the COVID-19; Section (3) compares the theoretical predictions and experimental data for Italy and Belgium; and Section (4) concludes.
Modelling the COVID-19 growth
The purpose of this section is to determine the coefficients of the evolutionary differential equation for the COVID-19 (see the forthcoming Eq. (13)). We also determine the generic analytical expression for the time-dependent number of infected people through fitting techniques validated by the χ 2 tests. This number can be proposed for 13 respiratory infectious diseases caused by viruses (including the COVID-19), in addition of being solution to the Richard's differential equation.
General background
Letting N represent population size and t represent time, this model is formalised by the differential equation below:
where α > 0 defines the grow rate and K > 0 is the carrying capacity. In this equation, the early, unimpeded growth rate is modelled by the first term +αN . The value of the rate α represents the proportional increase of the population N in one unit of time. Later, as the population grows, the modulus of the second term (which multiplied out is −αN 2 /K becomes almost as large as the first, as some members of the population N interfere with each other by competing for some critical resource, such as food or living space. This antagonistic effect is called the bottleneck, and is modelled by the value of the parameter K. The competition diminishes the combined growth rate, until the value of N ceases to grow (this is called maturity of the population). The solution to the Eq. (7) is
where B > 0 is a constant related to the value of N (0). It is more convenient to rewrite Eq. (8) in terms of the initial Logistic time t 0L defined as
So, Eq. (8) may be cast into the form
Since the environmental conditions influence the carrying capacity, as a consequence it can be time-varying, with K(t) > 0, leading to the following mathematical model:
More generally, the growth modelling is well described by Richards' differential equation (RDE) (also known as the Generalised logistic differential equation)
where ν > 0 affects near which asymptote maximum growth occurs. Now, let us suppose that the Government decides to adopt the lockdown measures. If these lockdown measures start with a log-kill effect, the equation may be revised to be
where c(t) takes into account the mortality rate of COVID-19, induced by the locking measures and, albeit in a small percentage, also the decreased carrying capacity K(t) of the COVID-19 due to the deceased.
Determination of K(t) and c(t) for the COVID-19
According to Prof. Roberto Ronchetti 1 Respiratory viruses remain quiet for months, inactive but viable, within living cells. Then suddenly they activate and become virulent as they say, the infectious capacity grows to a maximum, after which it decreases. The time duration, explains R. Ronchetti, is about of 2 or 3 months. So we can expect that the epidemic will soon die out in Italy too. So, there is no valid reason to think that this coronavirus behaves differently from others [6] . The present work starts from the following hypothesis: the COVID-19 behaves exactly like the other viruses that cause respiratory diseases. As a consequence, for the COVID-19 case, functions K(t) and c(t) are determined by performing several fittings on the growth rate-trends of infection capacity of the viruses that mainly affect the respiratory system. More specifically, we considered the following 13 different diseases caused by 12 different viruses: Whooping Cough (Pertussis), Swine Flu (H1N1), Bird Flu (Avian Flu H5N1), Enterovirus, Flu in Children, Flu in Adults, Bacterial Pneumonia, Viral Pneumonia, Bronchitis, Common Cold (Head Cold), Severe acute respiratory syndrome (SARS), and MERS (Middle East Respiratory Syndrome). In all the examined cases, we took into account the fact that the therapy-induced death rate is greater than the baseline proliferation rate, then there is the eradication of the disease. In other words, the function c(t) in Eq. (13) represents the therapy-induced death rate [7] - [14] . Of course, this is an oversimplified model of both the growth and the therapy (e.g., it does not take into account the phenomenon of clonal resistance). We empirically noticed (according to the χ 2 test) that all these viruses have in common the same growth rate-trend of infected people (of course, each of these behaviours have their own growth rate parameters). In particular, we noticed that the trends of the infected people by respiratory viruses versus time follow the function
where the values of parameters A, t 0 and σ depend on the virus in question and on the external conditions (e.g., the lockdown measures) to which the population is subject. It is not difficult to check that Eq. (14) is a particular solution of the differential equation (13) where
Finally, the dynamic differential equation for the COVID-19 can be brought into the general form
and expression (14) is the solution of the RDE in presence of the lockdown measures. According to the literature nomenclature, we shall refer differential equation (16) to as COVID-19 dynamic model 2 . Note that λ is linked to the doubling period µ. Indeed, as shown in Section 1, the COVID-19 grows according to the law (see Eq. (6)) during the exponential period:
Hence, we get
2 Viral dynamics is a field of applied mathematics concerned with describing the progression of viral infections within a host organism (Ref., for example, to [15] .)
It is also worth noticing that for large values of time Eq. (16) simply reads
Eq. (19) is useful to study the descent-phase for the number of people infected by COVID-19.
Behaviour of the function c(t)
As we will see in Section (3), λ and t 0 are of the order of 10 −3 days −2 and 10 days for Italy and Belgium, respectively. In particular, we found λ IT = 0.00263 days −2 , t 0IT = 64.4 days and λ BE = 0.00588 days −2 , t 0BE = 38.2 days. Hence c(t) is of the order of 10 −1 days −1 . Fig. 6 and Fig. 7 show the behaviours of the functions c(t) for Italy and Belgium, respectively. As we can see, the mortality rate c(t) is almost constant in the first days after the application of the lockdown measures, and successively it grows, almost linearly -with slope ∼ 2λ, over time. In other words, over time, the contribution of c(t) becomes more and more relevant. In brief,
with t LM and t c0 indicating the time when the lockdown measures are applied and the time when function c(t) starts to grow linearly over time starting from the constant value c 0 , respectively. 
Comparison between the Theoretical Predictions and Experimental Data
For Italy (and also for Belgium) we observed three phases related to the dynamics of the COVID-19, which we classify as follows:
1. The exponential period. As seen in Section 1, before the application of lockdown measures, the exponential trend is the intrinsic behaviour of the grow rate of the COVID-19. In this period the doubling time µ is a constant parameter versus time.
2. The transient period. The transient period starts after having applied the severe lockdown measures. In this period we observe a sort of oscillations (or fluctuations) of µ versus time. Fig. 8 and Fig. 9 show the behaviour of the parameter µ versus time for Italy and Belgium, respectively. The transient period ends when the last step of the exponential trend fits real data as good as the linear trend 3 .
3. The bell-shaped period (or the post-transient period ). In the bell-shaped period parameter µ is a (typical) function of time. Several theoretical models can be used to study the post-transient period (e.g., by using Gompertz's law). Here, we use two mathematical models: the solution of the differential equation (16) and the logistic model (see, for example, ref. [5] ), and we compare these two theoretical models with real data for Italy and Belgium. (10) are: α BE = 0.45 days −1 , λ BE = 0.0058 days −2 , η BE = 29.02 days −2 and t 0BE = 37.9 for Eq. (16), and t 0LBE = 29.75 days and K BE = 20977.45 for the Logistic function, respectively. and K for the Logistic function are reported in the figure captions. As we can see, for both Countries Eq. (16) fits very well all the real data from the initial days, while the logistic model applies only to the last few days. The theoretical predictions seem to confirm that Italy is in the bell-shaped period while Belgium seems to be still in the transition period. The peaks of the curves at reached at the time t max given by the expression 
N
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t M ax = 1 2 t 0 + (t 2 0 + 2/λ) 1/2(21)
Conclusions
This work proposed the differential equation governing the evolution of the COVID-19. Through fitting techniques previously performed and validated by the χ 2 -tests, we proposed a general analytical expression and a three-free parameters function (see Eq. (14)) providing the number of people infected by respiratory viruses over time. We showed that this expression is solution of the Richard's differential equation subject to the adoption of lockdown measures. The differential equation (16) can be proposed for 13 respiratory infectious diseases caused by viruses, including the COVID-19. Successively, we compared the theoretical predictions, provided by the solution of Eq. (16) and by the logistic model (see Eq. (8)), with the real data for Italy and Belgium. We saw that the solution of Eq. (16) is in good agreement with the experimental data since the beginning of the appearance of the COVID-19; this is not the case for the logistic model which applies only to the few last days. We found the days where the maximum number infected people by COVID-19 will be reached in Italy and Belgium by parametrising the solution of Eq. (16) with experimental data: we get, t M axIT 8 April 2020 and t M axBE 11 April 2020 for Italy and Belgium, respectively. We also noted, empirically, that the infection process by COVID-19 may be divided into three qualitatively different periods; i.e., the exponential period, the transient period and the bell-shaped period (or the post-transient period ). The solution of Eq. (16) allows defining more precisely these three periods. Indeed, we may classify the above periods as follows
The exponential period for 0 ≤ t ≤ t LM (23)
The transient period for t LM < t ≤ t f lex
The bell-shaped period for t > t f lex with t f lex denoting the inflection point of the solution of Eq. (16). It is easily checked that the value of t f lex satisfies the following equation Hence, according to Eq. (24), the transient period ended on the 29th of March 2020 for Italy and will end on 1 April 2020 for Belgium, respectively.
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